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for Vacuum Conformal Gravity
Luca Fabbri
Abstract
In a recent paper we have established the form of the metric-torsional
conformal gravitational field equations, and in the present paper we study
their vacuum configurations; we will consider a specific situation that will
enable us to look for the torsionless limit: two types of special exact
solutions are found eventually. A discussion on general remarks will follow.
Introduction
In defining a relativistic theory of gravity in which to implement conformal
transformations accounting for length scaling, the main goal is to find a possible
model for gravity that is also renormalizable, so to eventually be able to treat
the problem of gravitational quantization, as it has been discussed by Stelle
in reference [1]: according to this procedure, one has to find solutions in the
form of gravitational waves expanded in terms of monochromatic plane waves
on which to transfer the commutation relations set by the rules of quantization,
and in the past solutions in the form of gravitational waves have been discussed
extensively, mainly by Mannheim, as for instance in [2], and also by Paranjape
and collaborators, as for example in [3] and [4]. On the other hand however, if
one wants to consider gravity in its most exhaustive coupling to matter, then
one must consider a background in which not only curvature but also torsional
degrees of freedom are considered, so that not only the energy but also the spin
is coupled to the background: in such frameworks, curvature and torsion can be
seen as the strengths of the potentials arising after gauging the Poincaré group
of the spacetime roto-translations [5, 6], so that we may interpret curvature
and torsion as what gives rise for the spacetime continuum to disclinations and
dislocations [7]. Thus, the problem of having a theory of gravitation suitable
of being quantized in its most complete form relies upon the problem of having
a theory of gravitation that is renormalizable and in which both energy and
spin density are present, and hence a theory of gravitation in which conformal
invariance is implemented for both curvature and torsion, as discussed in [8].
The problem of such an approach was that there was no known way to ob-
tain for the Weyl conformal curvature in the purely metric case any torsional
extension, and thus no way in which the Weyl conformal gravity could be ob-
tained as a torsionless limit: nevertheless, such an extension has been found
in recent papers [9, 10, 11]. Then, the metric-torsional conformal gravitational
field equations have been given, and their consistency has been checked in terms
of the conservation laws that have to be satisfied by the spin and energy confor-
mal quantities of any matter fields, once the conformally invariant matter field
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equations are given. The next step is then to look for special situations like
those we have in absence of any matter field for the vacuum configurations.
It is well-known that Schwarzschild-like vacuum solutions for Weyl confor-
mal gravity are in fact extensions of the Schwarzschild vacuum solution of the
Einsteinian gravitation [12]; on the other hand, it is essential for the present
torsional extension of the metric Weyl gravity to find vacuum solutions in order
to see how they may further extend the purely metric Weyl gravity, and so the
Einsteinian gravitation, or if instead they are a more restricted class of solution
with respect to Weyl gravity. In this paper, we shall consider such solutions and
their relationships in two cases of special symmetries.
1 The Metric-Torsional Conformal Gravitation
In this paper, the Riemann-Cartan metric-torsional geometry is defined in terms
of a metric gαβ and a connection Γ
µ
ασ that is metric-compatible: the condition of
metric-compatibility means that by applying to the metric tensor the covariant
derivative associated to the connection the result vanishes; the connection is
not symmetric in the two lower indices and its antisymmetric part in those two
indices is a tensor known as Cartan torsion tensor
Qσρα = Γ
σ
ρα − Γ
σ
αρ (1)
so that the connection is decomposable in a unique way according to the
Γσρα =
1
2g
σθ[Qραθ +Qαρθ +Qθρα + (∂ρgαθ + ∂αgρθ − ∂θgρα)] (2)
showing that because of Cartan torsion the metric and the metric-compatible
connections are indeed independent. An equivalent formalism can be intro-
duced, in which we consider the constant Minkowskian metric ηij and a basis of
vierbein eiα such that we have the relationship e
p
αe
i
νηpi = gαν together with the
spin-connection ωipα and where vierbein and spin-connection are again taken to
be independent: the correspondent metric-compatibilities spell that by applying
to the vierbein and Minkowskian metric the covariant derivative associated to
the spin-connection both yield zero; for such a spin-connection it is not possible
to define an analogous of torsion although we have the relationship
Qiαρ = −
(
∂αe
i
ρ − ∂ρe
i
α + e
p
ρω
i
pα − e
p
αω
i
pρ
)
(3)
in terms of vierbein and a spin-connection given according to
ωipα = e
i
σ(Γ
σ
ραe
ρ
p + ∂αe
σ
p ) (4)
with a spin-connection that is antisymmetric ωipα = −ω
pi
α and showing that
vierbein and spin-connection are in fact independent. The former formalism
with Latin letters and the latter formalism with Greek letters are called space-
time and world formalism, and they are equivalent; in these the independence
between metric and connection is equivalent to the independence between vier-
bein and spin-connection. For a more extensive introduction we refer to [9].
The conformal transformation is given by requiring that the line element is
stretched by a given function σ and therefore we have that for the metric it is
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expressed as usual by gαβ → σ
2gαβ while by defining lnσ = φ we have that for
the torsion tensor it is given by the following transformation law
Qσρα → Q
σ
ρα + q(δ
σ
ρ ∂αφ− δ
σ
α∂ρφ) (5)
in terms of the parameter q called conformal charge, and we have that its only
contraction Qρρν = Qν is the only irreducible part that inherits the confor-
mal transformation; from the relationship (2) it is possible to see what is the
conformal transformation for the connection in general. Given that there is no
conformal transformation for the constant Minkowskian matrix then the con-
formal transformation for the vierbein is ekα → σe
k
α as it is clear; by employing
the relationship (4) it is possible to get the conformal transformation for the
spin-connection in general. Here we will only focus on the case in which the
conformal charge is in general not vanishing, as discussed in [9] the simplest
case in which the conformal charge vanishes cannot be treated as a simple limit
of this model and therefore a parallel study must be done in a different work.
In this framework, the Riemann metric-torsional curvature tensor is
Gikµν = G
ρ
ξµνe
i
ρe
ξ
k =
= (∂µΓ
ρ
ξν − ∂νΓ
ρ
ξµ + Γ
ρ
σµΓ
σ
ξν − Γ
ρ
σνΓ
σ
ξµ)e
i
ρe
ξ
k ≡
≡ ∂µω
i
kν − ∂νω
i
kµ + ω
i
aµω
a
kν − ω
i
aνω
a
kµ (6)
with the implicit presence of Cartan torsion tensor; it is antisymmetric in both
the first and second couple of indices, and accordingly it has one independent
contraction Gρµρν=G
i
µρνe
ρ
i =Gµν with Gηνg
ην=G setting our convention.
From the conformal transformation of Cartan torsion tensor and the def-
inition of Riemann curvature tensor it is possible to see what the conformal
transformation of the Riemann curvature tensor must be, and it is easy to see
that because of the presence of covariant derivatives of torsion additional terms
are present which render the conformal transformation of the Riemann curvature
tensor more complicated than the usual one, in fact so much more complicated
that its irreducible part fails to be conformally covariant; this is due to the fact
that within the Riemann curvature tensor, Cartan torsion tensor enters implic-
itly through the connection, but it is also possible to add the Cartan torsion
tensor explicitly so to get the expression of the modified metric-torsional tensor
Mαβµν = Gαβµν + (
1−q
3q )(QβQαµν −QαQβµν) (7)
with the same symmetries of Riemann curvature tensor but also such that
Tαβµν = Mαβµν −
1
2 (Mα[µgν]β −Mβ[µgν]α) +
1
12M(gα[µgν]β − gβ[µgν]α) (8)
not only has the same symmetries and it is irreducible but it is also conformally
covariant as a direct computation would easily show: given this tensor, we no-
tice that in building the coordinate-conformal invariants we have three possible
contractions, so that in terms of three parameters A, B, C the most general
invariant is given by ATαβµνTαβµν +BT
αβµνTµναβ +CT
αβµνTαµβν and thus it
is useful to define the parametric tensor given by the following expression
Pαβµν = ATαβµν +BTµναβ +
C
4 (Tαµβν − Tβµαν + Tβναµ − Tανβµ) (9)
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in terms of the parameters A, B, C, still with the same symmetries and ir-
reducible and also conformally covariant in (1+3)-dimensional spacetimes and
such that the quantity TαβµνPαβµν is the most general invariant we may write.
Before proceeding to write the gravitational action, it may be instructive to
see that for a generic gravitational Lagrangian the above equivalent formalisms
will yield equivalent systems of field equations: to see that, we notice that the
variation of a gravitational Lagrangian L is obtained by the variation either
with respect to the metric and torsion according to the following expression
δL
δgµν
= Eµν (10)
δL
δQαµν
= K µνα (11)
or with respect to vierbein and spin-connection according to the forms
δL
δe
j
µ
= Bµj (12)
δL
δω
ij
ν
= Σνij (13)
and so by means of the identities δgµν=(ηabe
b
νδe
a
µ+ηabe
b
µδe
a
ν) together with
the identities δQθµρ=−δ
β
[µe
k
ρ]e
θ
i ηkjδω
ij
β and δQ
θ
µρ=−e
θ
iD[µδe
i
ρ] we have that
Σνij=K
ν
ij −K
ν
ji (14)
1
2B
ρ
a=E
ρ
a +QµK
µρ
a +DµK
µρ
a (15)
and the inverted
Kkij=
1
2 (Σijk−Σjik−Σkij) (16)
2Eρα=Bρα+Qµ(Σ
ρµα−Σµρα−Σαρµ)+Dµ(Σ
ρµα−Σµρα−Σαρµ) (17)
showing that the two stationary minima Kαβµ = 0 and Eρν = 0 occur if and
only if the stationary minima Σνij = 0 and B
ρ
a = 0 occur, demonstrating the
equivalence of the two systems of field equations, as expected; notice however
that although the field equations Kαβµ=0 and Σ
ν
ij =0 are identical up to an
index rearrangement, field equations Eρν =0 and B
ρ
a=0 are different because
of the presence of the divergence of the torsion-spin field equation, as it would
have to be expected since Eρν =0 are the symmetric part of B
ρ
a=0 as it has
already been discussed in the literature, and for which the reader interested in
further details may have a look for instance at reference [5]. It is also important
to notice that although this holds in general, in what follows we will provide an
explicit proof of this fact in the specific case of conformal gravity we will study.
Now we may proceed to choose what we have anticipated to be the gravita-
tional conformal action given in the most general case by the expression
S =
∫
[kTαβµνPαβµν + Lmatter]
√
|g|dV (18)
with constant k complemented by the material Lagrangian and where it is over
the volume of the spacetime that the integral is taken; we have shown that any
4
variational procedure yields equivalent systems of field equations, and so we may
choose whichever we desire and in this paper we will perform the variation with
respect to the vierbein and the spin-connection obtaining the field equations
2k[P θσραT µθσρ −
1
4g
αµP θσρβTθσρβ + P
µσαρMσρ +
+(1−q3q )(Dν(2P
µρανQρ − g
µαP νθρσQθρσ + g
µνPαθρσQθρσ) +
+Qν(2P
µρανQρ − g
µαP νθρσQθρσ − P
µνρσQαρσ))] =
1
2T
αµ (19)
4k[DρP
αβµρ +QρP
αβµρ − 12Q
µ
ρθP
αβρθ −
−(1−q3q )(QρP
ρ[αβ]µ − 12Qσρθg
µ[αP β]σρθ)] = Sµαβ (20)
in terms of the parameter q and the constant k and where T µν and Sρµν are the
energy and spin densities of the conformal matter field: finally by taking into
account the Jacobi-Bianchi identities, the field equations (19-20) are converted
into the usual conservation laws given according to the expressions
DµT
µρ +QµT
µρ − TµσQ
σµρ + SβµσG
σµβρ = 0 (21)
DρS
ρµν +QρS
ρµν + 12T
[µν] = 0 (22)
with trace condition as another conservation law
(1 − q)(DµS
νµ
ν +QµS
νµ
ν ) +
1
2T
µ
µ = 0 (23)
satisfied once conformal matter field equations are given, and where the fact
that the general conservation laws (21-22) are now accompanied by an addi-
tional conservation law for the trace (23) comes from the fact that now there is
not only general coordinate and special Lorentz invariance but also conformal
invariance for the gravitational action we want to study. Also remark that if
we do not neglect the torsion and its strong conformal transformations then for
non-traceless spin density tensors and unless we are in the particular case where
the conformal charge is one we have that the conservation law for the trace is
not a mere constraint on the energy density but a truly dynamical conservation
law, analogous to the one linking the spin density to the antisymmetric part
of the energy density in a dynamical way, and we regard this feature as an
improvement with respect to the torsionless conformally invariant theory.
2 Metric Solutions in Torsionless Gauge
for the Vacuum in Conformal Gravitation
This is the gravitational model presented in [9, 10, 11], and in what follows we
are going to apply it to the situation of vacuum configurations, in which the
matter field is absent so that both energy and spin density tensors can be set
to zero, and the vacuum field equations will turn out to be more manageable.
In these vacuum configurations, a first problem we may now try to solve is
whether the case in which torsion vanishes would reduce to the case in which
torsion was never present as in the purely metric approach; of course, because
the conformal transformation for torsion Qµασ is entirely loaded on the trace
vector decomposition Qν , then the axial vector and the remaining decompo-
sitions are conformally invariant: this means that it is meaningless to set the
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the trace vector Qν to zero because it can always be produced by a conformal
transformation, and therefore the other two decompositions are the only ones
of which we can meaningfully require the vanishing. Thus said, in the following
we shall study the case that is the closest to the one in which torsion vanishes,
that is when torsion is entirely given by its trace vector part as
Qµασ ≡
1
3 (δ
µ
αQσ − δ
µ
σQα) (24)
that is the one containing all conformal transformation properties, setting to
zero all other parts, which are conformally invariant. With this requirement,
it is straightforward to see that Tρσµν ≡Cρσµν that is the conformal curvature
defined here identically reduces to the conformal curvature of the purely metric
case given by the Weyl curvature defined as usual; so the metric and torsional
degrees of freedom decouple at least within the conformal curvature.
Also we have that further simplifications come by choosing special fine-
tunings, in this case for the parametersA, B, C; however, because the conformal
curvature is now the Weyl curvature, with all its symmetry properties of indices
transposition, then there is no loss of generality in choosing the parameters in
such a way that Pρσµν ≡ Tρσµν = Cρσµν so to have the parametric conformal
curvature reduced to the conformal Weyl curvature. With these requirements,
the conformal field equations (19-20) respectively reduce to the form
CθσραC
µ
θσρ −
1
4g
αµCθσρβCθσρβ + C
µσαρRσρ +
+ 29q2C
µσαρQρQσ +
2
3qC
µσαρ∇ρQσ = 0 (25)
∇ρC
αβµρ − 13qQρC
αβµρ = 0 (26)
in which Rρσµν and ∇µ are the curvature and the covariant derivative of the
purely metric case given by the Riemann curvature and in terms of the Levi-
Civita connection as usual; however we see that metric and torsional degrees of
freedom are not decoupled within the conformal gravitational field equations.
Now, considering this system of field equations, and taking the first in its
decomposition we have that its antisymmetric part is given by
1
3q (∇ρQσ −∇σQρ)C
µσαρ = 0 (27)
identically, whose solutions in the case in which the spacetime is not conformally
flat reduce to 13q (∇ρQσ −∇σQρ) = 0 then implying in a connected and simply
connected spacetime that the trace vector is the gradient of a certain scalar
field given by Qσ = 3q∇σϕ removable by means of suitable conformal trans-
formations; in fact by choosing ϕ ≡ −φ it is possible to see that a conformal
transformation would map the trace vector into the vanishing one, thus forcing
torsion to be equal to zero: it is important to remark that the torsionless theory
has not been obtained by setting torsion to zero by hand, but by exploiting
conformal transformation. On the other hand however, we cannot perform fur-
ther conformal transformations as we have already exhausted the only degree
of freedom conceded by the conformal invariance of the theory; the conformal
field equations (25-26) in torsionless conformal gauge respectively reduce to
CθσραC
µ
θσρ −
1
4g
αµCθσρβCθσρβ + C
µσαρRσρ = 0 (28)
∇ρC
αβµρ = 0 (29)
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which are a system of two field equations of which one is of the second-order
derivative and quadratic and the other is linear and of the third-order derivative,
differently from what we had in the purely metric case with only one equation
of fourth-order derivative. Finally, field equations (28-29) may be written as
RθσραR
µ
θσρ −
1
4g
αµRθσρβRθσρβ −
−RµβαρRβρ −R
µρRαρ +
1
2g
αµRρβRρβ +
1
3R
αµR− 112g
αµR2 = 0 (30)
∇µ(Rβν −
1
6Rgβν)−∇ν(Rβµ −
1
6Rgβµ) = 0 (31)
which are the final system of purely metric field equations in our theory.
Next we notice the fundamental fact that by taking the quadratic field equa-
tion given by (30) and adding the divergence of the differential field equation
given by (31) we get the following couple of field equations
RθσραR
µ
θσρ −
1
4g
αµRθσρβRθσρβ −
−RµβαρRβρ −R
µρRαρ +
1
2g
αµRρβRρβ +
1
3R
αµR− 112g
αµR2 +
+∇2Rαµ − 16g
αµ∇2R+ 16∇
α∇µR−∇ρ∇
µRαρ = 0 (32)
∇µ(Rβν −
1
6Rgβν)−∇ν(Rβµ −
1
6Rgβµ) = 0 (33)
and in (32) in the last line the last term can equivalently be rewritten by means
of ∇ρ∇µRαρ ≡ ∇µ∇
ρRαρ + [∇
ρ,∇µ]Rαρ ≡
1
2∇µ∇αR − R
ιρRαιµρ + RαιR
ι
µ in
a form for which we can eventually simplify the field equations as to write them
into a known way while field equation (33) may be left unmodified so the entire
system of field equations is eventually written in the following manner
∇2Rαµ − 16g
αµ∇2R− 13∇
α∇µR+
RθσραR
µ
θσρ −
1
4g
αµRθσρβRθσρβ −
−2RµρRαρ +
1
2g
αµRρβRρβ +
1
3R
αµR − 112g
αµR2 = 0 (34)
∇µ(Rβν −
1
6Rgβν)−∇ν(Rβµ −
1
6Rgβµ) = 0 (35)
where field equation (34) is precisely the form of the field equations we would
have obtained in the purely metric case while the field equation (35) is the one
that comes from torsion with no equivalent in the purely metric case, that is
from the present field equations in vacuum it is possible to employ conformal
transformations to extract a torsionless limit which gives rise to the purely
metric field equations we would have had in the purely metric case but also
to additional torsional field equations that even in the torsionless limit do not
reduce to be trivial; therefore what we have proven before in general receives
now an explicit example in the case of conformal theory in the vacuum of matter
fields and in the torsionless gauge: the system of field equations we have obtained
by varying with respect to vierbein and spin-connection has eventually been
decomposed into a system of field equations for metric and torsion that is the
one we would have obtained if we were to vary with respect to metric and torsion
in the first place, but both systems of field equations are inequivalent from what
we would have obtained by varying with respect to the metric alone in the case
torsion is never present because of the presence of an additional field equation
coming from torsion that remains non-trivial even in the torsionless limit but
which would not be present at all in case torsion were instead neglected from the
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very beginning. This additional field equation is what makes the difference, that
is its presence makes the present theory more restricted than the Weyl purely
metric conformal gravity, and it is only when the additional field equations
actually happens to become trivial that the two approaches really coincide.
We have thus two possible schemes: one in which torsion is later removed
via a conformal transformation and one in which torsion is never present: the
former has two field equations that in torsionless conformal gauge reduce to be
the one we would have had in the purely metric case plus an additional field
equation that does not reduce to be trivial and which could have never been
obtained in the purely metric case, and because of this additional field equation
the theory in which torsion is set to zero is more restrictive than the theory in
which torsion is never present; this is true in general, but there could be special
cases in which the torsion field equation does become trivial, so that no further
constraint is present and the torsionless limit gives the field equations we would
have had if torsion were always neglected. So the metric-torsional gravity in
the torsionless limit is more restricted than the purely metric gravity in general,
although they may happen to be equivalent in some special circumstances.
In the next sub-sections we study these two cases: first the stationary space
isotropic with respect to an origin, showing a counterexample proving that in
general the theory in which torsion is present and then set to zero is more
restrictive than the theory in which torsion is always neglected; then the case
in which the space is isotropic and homogeneous, showing that there are special
cases in which the two approaches happen to be equivalent.
2.1 Isotropic Space
We shall now look for solutions in the case of isotropic space, that is with spher-
ical symmetry; the case we will take into account is static and therefore time
independent: in the frame at rest with respect to the origin of the coordinates
given by (t, r, θ, ϕ) the metric is given in terms of two functions of the radial
coordinate A(r) and B(r) taken to be positive defined and it can be written as
gtt = A grr = −B gθθ = −r
2 gϕϕ = −r
2(sin θ)2 (36)
with all other components equal to zero. The Levi-Civita connection is
Λttr =
A′
2A Λ
r
tt =
A′
2B Λ
r
rr =
B′
2B Λ
r
θθ = −
r
B
Λrϕϕ = −
r
B
(sin θ)2
Λθθr =
1
r
Λθϕϕ = − cot θ(sin θ)
2 Λϕϕr =
1
r
Λϕϕθ = cot θ (37)
with all other components vanishing and the Riemann curvature is
Rtrtr = −
A′′
2A +
A′2
4A2 +
A′B′
4AB R
t
θtθ = −
A′r
2AB R
t
ϕtϕ = −
A′r
2AB (sin θ)
2
Rrθrθ =
B′r
2B2 R
r
ϕrϕ =
B′r
2B2 (sin θ)
2 Rθϕθϕ =
(
1− 1
B
)
(sin θ)2 (38)
with contraction
Rtt =
A′′
2AB −
A′2
4A2B −
A′B′
4AB2 +
A′
ABr
Rrr =
A′′
2AB −
A′2
4A2B −
A′B′
4AB2 −
B′
B2r
Rθθ =
A′
2ABr −
B′
2B2r +
1
Br2
− 1
r2
Rϕϕ =
A′
2ABr −
B′
2B2r +
1
Br2
− 1
r2
(39)
and contraction
R = A
′′
AB
− A
′2
2A2B −
A′B′
2AB2 +
2A′
ABr
− 2B
′
B2r
+ 2
Br2
− 2
r2
(40)
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all other components vanishing identically. From these we can compute all
covariant derivatives and squared curvatures in the field equations.
With this symmetry, field equations (30) are diagonal and in them the com-
ponent (ϕϕ) is proportional to the component (θθ), so that by employing the
tracelessness of these field equations we see that also the component (θθ) can
be written in terms of components (rr) and (tt); component (rr) is solved in
terms of (tt) once the constraint AB = 1 is imposed: what now is left as only
component (tt) can be written after calling A = 1+h in a form that is factorized
in two linear field equations of the second-order derivative. With these symme-
tries and for the assumptions above, also the field equations (31) reduce to have
the single independent component given by (rtt) in the form of an integral of
the field equations. The general solution can then be found by integrating this
field equation (31) and later by constraining the obtained solution employing
the constraining equation (30) or by solving (31) and (30) simultaneously.
However, field equations (31-30) are equivalent to (35-34), which are more
restricted than the field equations of the standard theory (34) alone because of
the presence of the additional field equation (35); therefore the solution we are
looking for can also be obtained by considering the solutions of the standard
theory and imposing they satisfy also (35): this strategy is easier because we
already know the most general solutions of the standard theory [12]
h = − 2m(1−3mγ)
r
− 6mγ + 2γr − kr2 (41)
so that we only need to insist that this solution is constrained by (35), after
which it is easy to see that the most general solution of the present theory is
given by (41) with mγ=0 as constraint. We have two alternatives: either
h = − 2m
r
− kr2 (42)
which is asymptotically Schwarzschild for short distances and asymptotically de
Sitter for large distances with constant spacetime curvature −12k; or
h = 2γr − kr2 (43)
which is conformal to the Friedmann-Lemaître-Robertson-Walker solution with
constant spatial curvature −k for which the Weyl tensor is zero identically.
We shall now compare the two approaches: we notice that in [12] Mannheim
and Kazanas have a unique solution able to describe both the Schwarzschild limit
for solar system scales and the Friedmann-Lemaître-Robertson-Walker limit for
cosmological scales, and in addition as a by-product of the simultaneous pres-
ence of both terms it is also capable to fit the rotation curves for intermediate
galactic scales; here instead we do not have such intermediate behaviour in either
solutions, and the short and large distance behaviours are described indepen-
dently by two disconnected solutions of which one is only the FLRW solution
without the Schwarzschild limit near the origin. However, we do not regard
this as a weak point of our approach; to explain why we first remark that any
meaningful quantity in conformal relativity is to be constituted by conformal
tensors, that is the Weyl curvature: if we calculate the Weyl tensor in these
examples we see that for solution (41) it is not zero even at infinity where a
constant value proportional to the product mγ is reached, whereas for solution
(42) it drops to zero at infinity and solution (43) it is always zero. If we were to
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assume the reasonable hypothesis that all relevant quantities of a theory should
vanish at infinity then mγ = 0, which is precisely what we automatically have
in the present cases for both solutions (42) or (43); and if we neglect the trivial
solution then there will be the solution (42) alone. This solution interpolates
the Schwarzschild one near the origin and the de Sitter one for large scales.
2.2 Isotropic-Homogeneous Space
We shall next look for solutions in the case of homogeneous and isotropic space
with spatial curvature k; this case has only temporal dependence: with co-
ordinates (t, r, θ, ϕ) the metric is given in terms of only one function of the
cosmological time A(t) and it can be written according to the following form
gtt = 1 grr = −
A2
(1−kr2) gθθ = −A
2r2 gϕϕ = −A
2r2(sin θ)2 (44)
with all other components equal to zero. The Levi-Civita connection is
Λtrr =
AA˙
(1−kr2) Λ
t
θθ = AA˙r
2 Λtϕϕ = AA˙r
2(sin θ)2
Λrrt =
A˙
A
Λrrr =
kr
(1−kr2) Λ
r
θθ =
(
kr3 − r
)
Λrϕϕ =
(
kr3 − r
)
(sin θ)2
Λθθt =
A˙
A
Λθθr =
1
r
Λθϕϕ = − cot θ(sin θ)
2
Λϕϕt =
A˙
A
Λϕϕr =
1
r
Λϕϕθ = cot θ (45)
all other components vanishing and the Riemann curvature is
Rtrtr =
AA¨
(1−kr2) R
t
θtθ = AA¨r
2 Rtϕtϕ = AA¨r
2(sin θ)2
Rrθrθ =
(
A˙2 + k
)
r2 Rrϕrϕ =
(
A˙2 + k
)
r2(sin θ)2
Rθϕθϕ =
(
A˙2 + k
)
r2(sin θ)2 (46)
with contraction
Rtt = −3
(
A¨
A
)
Rrr = −2
(
A¨
2A +
A˙2
A2
+ k
A2
)
Rθθ = −2
(
A¨
2A +
A˙2
A2
+ k
A2
)
Rϕϕ = −2
(
A¨
2A +
A˙2
A2
+ k
A2
)
(47)
and contraction
R = −6
(
A¨
A
+ A˙
2
A2
+ k
A2
)
(48)
all other components vanishing identically. And from these quantities we can
calculate all covariant derivatives and square curvatures in the field equations.
In this case, the metric is conformal to the solution (42) and (43) with both
coefficients m= γ=0, whose conformal tensor of curvature vanishes; so this is
always a solution, although trivial. This shows that there are in fact situations
in which the two approaches happen to be equivalent.
Conclusion
In this paper, we have considered the metric-torsional conformal gravity in vac-
uum, and we have studied a specific case in which torsion was equivalent to its
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trace vector, eventually removable via a conformal transformation by choosing
what we have called the torsionless gauge, and we have studied two cases of
particular symmetries: in the case of isotropy, we found that a solution could
be given as a restriction of the solution found in [12], that is as solution of the
type (41) with constraint m = 0 or γ = 0, and so of the type (42) having a
Schwarzschild behaviour for short distances and a de Sitter behaviour for large
distances or of an alternative type (43) which is trivial; in the case of isotropy
and homogeneity, we found that the metric is the one we had in the previous
case with both m = 0 and γ = 0, and so like (43) trivial. Eventually, in the
future it would be interesting to know what happens for gravitational waves.
The solutions obtained here are more restrictive than the solutions given
in the standard situation, although in some cases it happens that they are
equivalent; that is the solutions given in models in which torsion is present and
later removed in the torsionless gauge are more constrained than those in which
torsion is always zero in general: this is due to the presence of an additional field
equation that does not become trivial necessarily. This proves that higher-order
derivative gravitational torsional theories do not necessarily possess a torsionless
limit that is continuous in the field equations.
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